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ON BIPARTITIONAL FUNCTIONS

By P. V. SUKHATME,
Galton Laboratory, University College, London
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<] (Communicated by R. A. Fisher, F.R.S.—Received 31 March 1937)

—

< S Bipartitional functionsare arithmetical functions of two partitions of the same number,
E —~ and arise primarily in the theory of the symmetric function generating functions.
= Analytical methods of evaluating the partitional functions and of studying them in
= 0O relation to the theory of distributions are largely due to Macmahon (1915). The
E 8 use of partitional notation has rendered his methods distinctly simpler than those of

his predecessors, but, simplified as they are, his methods do not make the practical
evaluation of these functions particularly expeditious. If his methods are actually
put into practice, it is found that they become increasingly laborious and impracticable
with high-order symmetric functions. An excellent example of the difficulties en-
countered in the use of algebraic methods, especially those involving the action of
differential operators, is to be found in the enumeration of the 5 x5 and 6 x 6 Latin
Squares (Fisher and Yates 1934). In this connexion it is shown by Fisher and
Yates that the direct enumeration by trial is a much simpler approach than the
development of the differential operators of Macmahon’s algebraic solution.
Bipartitional functions derive much of their importance on account of the com-
binatorial problems of which they supply solutions. They have, consequently, important
applications in applied statistics, as, for example, in the derivation of the moments,
and the product moments of moment statistics (Fisher 1930), in the enumeration of
different samples of a given size drawn from a finite population, and so on. It is,
therefore, desirable that the arithmetic implied in the algebraic methods of evaluating
the partitional functions should be clearly and systematically set out in standard form
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__; { for ready evaluation. Professor R. A. Fisher suggested to me to take up for a systematic
< S study the problem of evaluating the bipartitional functions, and of formulating their
S ~ relations to distributions in plano, and to the combinatorial problems of which they
= supply solutions. It is the purpose of this paper to put forward these relationships in
E 8 a comparable manner, so as to give a comprehensive view of at least some aspects of
= their properties.

The symmetric functions discussed by Macmahon are (1) the monomial sym-
metric functions, or the g-functions, in the notation of this paper; (2) the elementary
symmetric functions called the a-functions; (3) the homogeneous product sums called
the A-functions; and (4) the sums of powers called the s-functions of the given quan-
tities a;, 0y, Agy +v.e
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376 P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS

In the partitional notation, corresponding to any partition P, = (p71p7:p7...), of the
partible number w, where 2pm = w and X7 = p, the monomial symmetric function of
the o’s given by

G(P)=Zuf'ad ...allalz | ... ol

m+me

is denoted by G(P); the a-product aj!a7:... may be written as A(P); the h-product
Ighge ... as H(P), and the s-product s7:s7: as S(P). .
The simple symmetric functions a,, %, and s, are expressed in terms of monomial

functions as follows
a,=G(1%), s,=G(p), h,=2G(p),

the summation being taken over all partitions of the number .
Any of these functions may be expressed as products of the same weight in one of
the other symbols by the use of the identity

2 3 4
slx+szx§+33%+s4%+
= —log(l—a,x+a,x?—a;x3+a,x*—...)
= log(l+hx+hox?4hyx34+hyxt+...)
= —XYlog(1—ax),

the summation being over an indefinite number of the dummy variables «.

It is now apparent that any expression such as A(P) can be expanded as a linear
function of $(Q), where @ is any partition of the same number as is P. The coeflicients
of this expansion will be arithmetical functions merely of the two partitions P and @,
and we designate the coefficients by 4As(P, @) defined by the identity

A(P) = 24s(P, Q) .5(Q),

the summation being taken over all partitions of the same number.

The expansions of each of the four expressions 4, §, H and G, each in terms of the
three others, then serve to define twelve primary bipartitional functions. From their
definition it is evident that they yield (a) six identities of the form

gAS(P, Q) Sa(@,P) =1,
2 4s(P, Q) Sa(Q,R) =0, R+ P,
Q

in addition (4) to twelve identities of the form

Ga(P, R) = S GM(P, Q). Ha(Q, ).

For partitions of very small numbers, which have few partitions, these identities
may be used to obtain any one bipartitional function from certain others. The number
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P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS 377

of partitions of 13 is, however, 100, so that more expeditious methods are clearly
desirable. Nevertheless, the principle of this method may be used with advantage in
the evaluation of Ga and G#, for partitions of fairly large numbers.

The methods of evaluating the first six partitional functions by differential operators
and the last six by algebraic relations are discussed by Macmahon, and in particular
the values of Ag, Ga, Hg and G for all pairs of partitions of weight less than, or equal
to, six are tabulated. In what follows we shall give the tables of the twelve partitional
functions for weights less than, or equal to, eight, and discuss the arithmetical methods
of evaluating the high-order partitional functions. We shall also give illustrations of
their combinatorial interpretation, and note their summation properties.

Of the twelve partitional functions it is found necessary to tabulate and discuss only
nine, namely Ag, Ga; Hg, Gh; Sg, Gs; As, Sa and 4h. The partitional functions 4s, Sa
and A# are related to Hs, Sh and Ha by the following simple relations

Hs(P, Q) = (—1)""74s(P, Q),
Sh(Pa Q) = (~1)w+pS‘l(P) Q)a
Ha(P, Q) = 4AW(P, Q), |

where w stands for the partible number and p, ¢ are the numbers of parts in P and Q.

Definmitions. The terminology concerning separations used in this paper is taken
from Macmahon’s work (1915). Some of the less familiar terms are defined below:

Separation: When all the parts of a setof partitions, say (p, o), (P304bs)s (Pef7)s ---» are
assembled toform asingle partition (p, ps ... p;), then ( p, ps) (Pspats) (Psf7)
is said to form a separation of the separable partition (p, p, ... p;).

Separates:  The partitions (p,p,), (pspabs), (pep,) are called the separates of the
separation (p, py) (pspabs) (Peb7)-

Specification: If the successive weights of the separates be w, w,w;y ..., then the separa-
tion is said to have a specification (w, wyw;...).

THE BIPARTITIONAL FUNCTION Sa(P, Q)= (—)“"?Sk(P, Q)

(a) Algebraic definition:
smste .. = XSa(P, Q) at ax

Hop q17q2°""?

where P stands for the partition (p7:p3:...), @ stands for the partition (¢§1¢%...), and the
summation X'is taken over all the partitions @ of weight w.

(b) Relation to the enumeration of distributions in plano.

(—1)¥==Sa(P, Q) is the number of ways of selecting p objects, one from each of the
lowest rows in p columns of the two-way distributions so that

(i) The column totals form the partition P.

(ii) The row totals form the partition Q.
48-2
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378 P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS

(iii) No column with lower total precedes any column with higher total.

(iv) Each row is represented in only one column.

(v) Norow represented in a later column precedes any row represented in an earlier
column.

(vi) Rows represented in the same column are arranged in any order, equal rows
being undistinguished.

Example. 'To evaluate Sa(322, 221%).
The two-way distributions satisfying the six conditions are:

212.. 212.. 11.. 1]1.. 1]1.. 1]1.. 212.. 1]|1.
1(1.. 1/1..2/2.. 2/2.. 1/1.. 1/|1. 1l1.. 2(2.
2.2, 1|.1. 2|.2. 1].1. 1/1.. 1/|1. 1.1, 1].1.
1 1. 2 2. 1 1. 2/.2. 2/.2. 1].1. 1].1. 1|.1.
1 .11 101 o1 1. .1 1.1, 2.2, 1|.1. 1|.1.
1 1 1|..1 1|..1 1]..1 2 L2 2|..22|..22]|..2
332 332 332 332 332 |332 332 332

1 2 D) 4 2 4 2 4

The numbers of ways of selecting three objects, one from each of the lowest rows in
three columns of each of the eight two-way distributions, are written just below the
distributions. Their sum is 21 which is the required arithmetical function.

(¢) Practical evaluation for larger partitions.

All the separations of @ whose specification is P are listed. If, in a separation, any
separate of weight p is composed of v parts of which sets of 7}, 75, ... are equal, then

v—1)!
(7—,—)— p. The product of these scores for all
mlmyl...
separates in a separation multiplied by the numbers of permutations among separates
of equal weight is then assigned to each separation. The sum of these for all separations

gives (—1)»*Sa(P, Q).

Example. To evaluate Sa(64232, 432317).

The partition (432%17) has twenty-five separations with specification (64232). Each
separation is scored with a number written beside it.

the separate is scored with the number

Subtotal 12304

(42) (31) (22) (13)2 96 (321) (4) (1%) (21)2 864
(321) (4) (22) (13)2 192 (42)(212) (1%) (21) (3) 864
(29 (4) (31) (192 64 (417) (22) (1) (21§ (3) 432
(42) (31) (212) (1%) (21) 1152 (2212) (4) (1%) (21) (3) 1296
(321) (4) (212) (13) (21) 2304 (412) (212)2 (21) (3) 1728
(412) (31) (22) (1%) (21) 576 (214) (4) (212) (21) (3) 3456
(319) (4) (22) (19 (21)" 576 (15 (4) (22) (1) (3) 288
(221%) (4) (31) (1%) (21) 1728 (42) (22) (1%) (3) (13) 144
(412) (31) (21?) (21)2 1728 (23) (4) (1%) (3) (13) 96
(315) (4) (212) (21)? 1728 (42) (212)2'(3) (19) 576
(214) (4) (31) (21)2 1728 (412) (22) (212) (3) (13) 576
(42)"(31) (1%) (21)2 432 (2212) (4) (212) (3) (1%) 1728

Subtotal 12304 (21%) (4) (27) (3) (1°) _ 576

Total 24928
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P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS 379
(d) Combinatorial problem.

Five sets of six red, four white, four blue, three green and three pink numbered
cards are divided into twelve packs of four, three, two, two, two, one, one, one, one,
one, one, one cards so that each pack contains cards of only one colour. The packs
belonging to each set are then grouped together and from the uppermost pack of each
set a card is drawn. In how many ways can the operation be carried out if in grouping
packs of the same set equal packs are undistinguished ?

(¢) Summation properties.
2 Sa(P, Q) = coefficient of x” in
Qlo

(~ 11— =S A=) # o ST (e s ST ()bt )

1 2

— (—1)wtofeC — ; w—mca+lz jzw—m—ﬁfC(, b

where Y denotes summation over all partitions of  of o parts; w = total weight
Qo

= 2p,w; = 2g;x; and *C, =

w!

al(w—a)l”

THE BIPARTITIONAL FUNCTION As(P, Q)= (—)**"Hs(P, Q)

(a) Algebraic definition:
agrag... = XAs(P, Q) skis...,
where P stands for the partition (p7:p7:...), @ stands for the partition (¢§ ¢%...) and
the summation X' is taken over all the partitions ¢ of weight w.

(b) Relation to the enumeration of distributions in plano.

w—a (1)1!)771 (ﬁz!)ﬂ")...
) = D (g D

different objects contained by the columns of the two-way distributions so that

As(P, @) is the number of ways of distributing

(i) The column totals form the partition P.

(ii) The row totals form the partition Q.

(iii) No column with lower total precedes any column with higher total.

(iv) Each row is represented in only one column.

(v) No row represented in a later column precedes any row represented in an earlier
column.

(vi) Among rows represented in the same column, no row with lower total pre-
cedes any row with higher total, equal rows being undistinguished.
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N2 (21
Example. To evaluate (— 1)2%22"(('02'!')")4 As(322, 2214).

The two-way distributions satisfying the six conditions of the definition are

212 .. 212 .. 1r1..
1,1.. 171.. 1i1..
21.2. 1].1. 1,1..
17.1. 1).1. 21.2.
1. .1 11.1. 11.1.
1. .1 2. .2 2|..2
332 332 332
9 3 3

The numbers of ways of distributing different objects contained by the columns of each
of the three two-way distributions are written just below the distributions. Their sum
is 15, which is the required answer.

(¢) Practical evaluation for larger partitions.

All the separations of @ whose specification is P are listed. If, in a separation, any
separate of weight p is, say, (¢7¢7 ...), the separate is scored with the number

p!
(gtg;t...)(mtmt )’
The product of these scores for all separates in a separation multiplied by the numbers

of permutations among separates of equal weight is then assigned to each separation.
The sum of these scores for all separations gives

w-o (D)™ (pzz)wz.., )

Example. To evaluate (—1)7 ((25 !!))22 ((ft !!>) ((3')) As(5%432, 322318,

The partition (322°1%) has twenty-nine separations with specification (5%432). The
score of each separation is written beside it. "

Subtotal 34320

(32) (221) (31) (1%)2 1200 (13 (32) (19 (2121800
(32) (312) (22) (15)2 600 (812)” (212) (21 5400
(32)2 (212) (1%)2 600 (15)(32) (31) (21)2 720
(32)2 (1) (1%) (21 600 (21%) (312) (31) (21)2 17200
(32) (319) (21) (1%) (21) 7200 (32) (21%) (14) (21) (3) 1200
(312)2 (2%) (13) (21 1800 (2:1) 318 (1) @) (3) 1800
317) (221) (31) (1%) (21) 7200 2) (212 (21) (3) 720
(32) (21%) (31) (13 (21) 4800 (312) ( 3) (212) (21) (3) 7200
(32) (221) (14) (1%} (3) 600 5(312)(29) (21) (3) 360
(312) (221) (21%) (1%) (3) 3600 (15) (221) (31) (21) (3) 720
(32) (21%) (212) (19) (3) 2400 (213)2 (31) (21) (3) 2400
(312) (21%) (22) (1%} (3) 1200 (213) (221) (14) (3)2 300
(32) (15) (22) (1%) (3) 120 221) (15) (212) (3)2 180
(213) (221) (31) (19) (3) 2400 (213)2 (212) (3)2 600

Subtotal 34320 (17) (21%) (2°) (3)2 60

Total 64980
Hence A4s5{5%432, 322318} — 6L
? 17280
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382 P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS
(d) Combinatorial problem.

Twenty different books are of five colours, five red, five orange, four yellow, three
green and three blue, (P). In how many ways can they be made up into thirteen parcels,
two containing three, three containing two and eight containing one book, (@), so
that no two books in the same parcel are of different colours?

(¢) Summation properties.

> (b (D). As(P, Q)

Qlo
= coeflicient of x” in {x‘#V}m {xb2}m

= coeflicient of x” in {x""} o' {(x—m]) ™}
where 3 denotes summation over all partitions @ of o parts,
“ P =x(x—1) (x—2) ... (x—p;+1),
¥V =x(x—1) (x—2) ... (x—7+1),

(x—m) "= (x—m7) (x—m]—1) ... (x—7—75+1),

and (p™ ps™ ...) is the partition conjugate to (p7p3:...).

THE BIPARTITIONAL FUNCTION Sg(P, Q)

(a) Algebraic definition:
STLSTE .. = XSg(P, Q) G(gr g% ...),

where P stands for the partition (p7:p3:...), @ stands for the partition (¢j*¢¥% ...) and the
summation X is taken over all the partitions ¢ of weight w.

(b) Relation to the enumeration of distributions in plano.
Sg(P, Q) is the number of possible two-way distributions such that

(i) The column totals form the parts of the partition P.

(ii) The row totals form the parts of the partition Q.

(iii) Each column is represented in only one row.

(iv) No column with lower total precedes any column with higher total.
(

v) No row with lower total precedes any row with higher total.

Example. To evaluate Sg(2214, 322).
There are two separations of P with specification @) satisfying the conditions above,

namely,

2 ... .1

A .. 111.
.11 2

221111 221111

2.1 ...
i

}L\sww
DO W W
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384 P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS

It is easy to see that the first separation will generate twenty-four two-way dis-
tributions of its kind by assigning the two twos in the two rows in two ways and by
assigning the four units in the three rows in twelve ways. In the second separation the
first two rows may be interchanged; the two twos can be assigned in two ways and the
four units in four ways giving in all sixteen two-way distributions of its kind. The total
number of two-way distributions is thus forty, which is the value of Sg(221%, 322).

(¢) Practical evaluation.

All the separations of P whose specification is ¢) are listed. Each separation is scored
with the product of the numbers of permutations of equal parts 4™ among the separates
of P, multiplied by the numbers of permutations among separates of equal weight.
The sum of these scores for all separations gives Sg(P, @).

Example. To evaluate Sg(432231%, 9423).

The partition (4322°1%) has eighteen separations with specification (94%3). The

score of each separation is written beside it.
Subtotal 976

(8221) (4) (27) (19) 24 (432) (22) (19 (3) 12
(432) (31) (2%) (19) 48 (432) (212)% (3) 72
(323) (31) (4) (1%) 16 (431%) (22)-(212) (3) 72
(432) (31) (21?) (21) 288 (4221) (31) (212) (3) 144
(4312) (31) (2%) (21) 144 (421%) (31) (2%) (3) 48
(4221) (31)% (21) 144 (32%) (4) (1%) (3) 4
(3221%2) (4) (31) (21) 144 (3221%) (4) (21%) (3) 72
(3219 (4) (22) (21) 24 (821%) (4) (27) (3) 12
(3221) (4) (21%) (21) 144 (231%) (31) (4) (3) 16

Subtotal 976 Total 1428

Hence Sg(4322314, 9423) = 1428.

(d) Combinatorial problem.

(1) In how many ways can twenty objects of the type (432231%) be distributed in
twenty parcels of the type (9423) subject to the restriction that no two different type
parcels contain objects of the same kind ?

Or (2) In how many ways can twenty objects of the type (4322°1%) be divided among
four different parcels containing nine, four, four and three objects and subject to the
restriction that no two parcels contain objects of the same kind ?

(¢) Summation properties.

S_gﬁ@ = coefficient of a"]"p[xl. in JI(1+ax;) II(1+ax; x;) TI(1 +ax; x; %) ...,

Q/lelxz.... i=1

where Y denotes summation over partitions of @ of ¢ parts.
Qlo

Q xl'(f; Q) _ coefficient of Iil[xi in TI(1 4 ) 11 +x,0,) (1 +x,,%) ...
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386 P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS

THE BIPARTITIONAL FUNCTION Ag(P, Q)

(a) Algebraic definition:
agrag... = XAg(P, Q) G(gigy...),

where P stands for the partition (p71p%:...); @ stands for the partition (¢§1¢%...) and
the summation X' is taken over all the monomial symmetric functions represented by
the partitions @ of weight w.

(b) Relation to the enumeration of distributions in plano.

Ag(P, Q) is the number of possible ways in which we can fill the cells of a p X ¢ lattice
such that

(i) The column totals read from left to right form the parts of the partition P in
some fixed order;

(i1) The row totals read from top to bottom form the parts of the partition ¢ in some
fixed order;

(iii) The number in each cell does not exceed unity. Viewed in this way it is evident
that Ag(P, Q) :Ag(QaP>'

Example. 'To evaluate Ag(321°, 427).

There are seven patterns fulfilling the conditions, namely:

411,111 411111. 41111 .1 4011.11
211 . 2011 ... 211 .. 211 . ..
2/11. 2[1...1 2 1. .1 2|1.1.
32111 32111 132111 32111
411111 41111 .1 4011.11
21...1 2/1..1. 201.1..
211 2/11... 2/11.
32111 32111 32111

Hence Ag(3213,422) =17.

(¢) Practical evaluation for larger partitions.

It is clear from (b) that 4g(P, @) can in general be evaluated by writing down the
possible number of patterns fulfilling the conditions of the definition. As it happens,
however, with high-order partitions this number turns out to be very large and requires
a careful and systematic arrangement of the patterns, lest some may miss being
enumerated.

As would appear from (4), the procedure of evaluating Ag(P, Q) is essentially as
follows:

Corresponding to the first part of @, units are picked in all possible ways from the
parts of P, one unit being picked from each part of P. From the partitions obtained
after the operation of the first part of @, units corresponding to the second part of @
are picked in all possible ways and the process is continued till the parts of @ are ex-


http://rsta.royalsocietypublishing.org/

i\ \

a
-

I ¥
L A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS 387

hausted. Thus in the example above 4g(3213,422), corresponding to the part 4 of the
partition (422), we may pick up the four units from the parts of (3213) in four ways,
leaving the partition (212) in three cases and the partition (22) in one case. Corre-
sponding to the second part 2 of (422), the two units are picked from (212) in three ways,
yielding the partitions (2) and (12) in one and two ways respectively; and the two
units are picked from (22) in one way yielding the partition (12). Thus to sum up we
have two partitions (2) and (12) arrived at in three and seven ways respectively.
Operating with the last part of (42%) namely 2, we obtain the number 7, since we can
pick out the units from the partitions (2) and (12) in zero and one way respectively.
The process is systematically put down as follows:

2
(21%) (2%

4 (3219) 3 1 )
. @ 3 . 3 .

(1%) 6 1 7 7

' 7

Alternatively we may operate with the parts of P on the partition @, arriving at the
same result as follows:

2
(31?) 1
3 (422) 1 (2) (12)
B 1 1 1 .
21) 2 2 2 2
R (0)
1 3 4 7 7

7

A larger example will illustrate the facility with which this process may be carried
out. The duplicate calculation affords a completely independent check.

Example. To evaluate Ag{(9423), (4322314)}.

4
(42:19) (3221%) (32°1%) (32°1%) 3
9 (432214 7 1 2 3 4 (3) (21) (1%)
(421) 2 . 2
(41%) 3 . 3 3
3212) 6 12 9 32 59 59
4 (322) 1 4 . 4 9 . .
(31%) 3 . 6 24 33 33 132
(321) . 2 . . 2 . . :
(2:1) 6 9 16 31 . . 31
(221%) 6 18 48 72 . 144 216
(215) . 3 16 19 . 95 190
36 430 437
(0) . . 437 437
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388 P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS
3
(8322) 2
4 (94%3) | L [(812) (721) (71%) (631) (622) (6212)
(8221) 1 12 1 .. )
3 (7321) 2 .2 . 2 2 2
(72%) 1 R 3 2
toe 22 2 05 ©) (1) (42) (417
® |1 . 1
any | 2 4 6 12| 12 )
(62) 4 2 5 |11 11
2 (612) 4 6 2 10 [22] 22 44
(53) : 2 .2 2
21) | . . . 2 4 10 |16| . 16 16 16
Gy | . . . 5 5| . 15 .15 7
34 8 18 31 @ @)
1 @| . 86 .81 fur|ur o .
Gy . . 18 62 | 80| 80 80 1
197 80 I

@ | 197 80| 277 | 271 l
(19 | . 80| 80160 |

437

(d) Combinatorial problem.

In how many ways can twenty objects of the type (9423) be distributed among
twenty parcels of the type (43%2231%) subject to the restriction that no two similar parcels
contain similar objects?

(¢) Summation properties.

0 3 s
in parcels of the type (17), subject to the restriction that a parcel does not contain
similar objects.

Ag(P Q) = number of ways of distributing objects of the type (p7:$7:...)

_ T Ag(P,Q),

o! s
Q/aoddxl'xz

(i1) > oo AP Q)=

Q/o even ¥1+ ! Xo:

where the summation 3 is taken over all partitions of @ of ¢ parts,and Y is taken
" Qlo Q/o even

over all partitions of @ having even number of parts.

It is clear from the symmetry of the table that these properties also hold for columns.

The symmetry of the relationship in such problems between ““objects’ and ““parcels”
is perhaps better seen by putting the problem in the different form. Twenty counters
are marked on one side, nine with 4, four with B, four with C and three with D. On
the other side they carry numbers: four zeros, three ones, three twos, two threes, two
fours, two fives, and one each of six, seven, eight and nine. In how many ways can
they be so numbered that all the counters shall be different?
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THE BIPARTITIONAL FUNCTION AA(P, Q)=Ha(P, Q)

(a) Algebraic definition:
apaz ... = XAh(P, Q) ki k...,
where P stands for the partition (p7:p2:...), @ stands for the partition (¢j1¢%...) and

the summation 2'is taken over all the partitions () of weight w.

b) Relation to the enumeration of distributions in plano.
—1)¥=7 Ah(P, Q) is the number of possible two-way distributions such that

i) The column totals form the partition P.
ii) The row totals form the partition Q.
ii1) No column with lower total precedes any column with higher total.
iv) Each row is represented in only one column.
v) No row represented in a later column precedes any row represented in an earlier
column.

(vi) Rows represented in the same column are arranged in any order, equal rows

being undistinguished.

(
(
(
(
(
(
(

Example. 'To evaluate Ah(422, 221%).

The two-way distributions satisfying the six conditions of the definition are eight as
under:

111. 212. 212 .. 212 ..
1(1.. 212. 1]1. 171..
111 .. 1.1 111. 1/1..
1]1.. 1 1. 21.2. 1y.1.
21.2. 1 .1 1 .1 1.1,
20. .2 1 .1 1 .1 2 2
42 2 422 422 422
1]1.. 1]1.. 171 .. 1/1..
212 .. 212 .. 1|1.. 1,1 ..
1/1. . 1y1.. 212 .. 212 ..
21.2. 1].1. 2.2, 1].1.
1. .1 11.1. 1. .1 1 1.
1. .1 21..2 1 .1 2. .2
4 2 422 42 2 422

Hence 4h(422,2%1%) = 8.

(¢) Practical evaluation for larger partitions.

All the separations of ) whose specification is P are listed. Each separation is scored
with the product of the numbers of permutations of parts within each separate multiplied
by the numbers of permutations of equal separates. The sum of these scores for all the
separations gives (—1)¥=7 Ah(P, Q).
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Example. To evaluate 4h(423223, 32419).

The partition (3241°) has eighteen separations with specification (423223). The

score of each separation is written beside it.
‘ Subtotal 442

(31) (22) (21)® (12)3 16 (2%) (21%) (3) (21) (1%)® 24
(31) (2%) (21) (1°) (2) (1%)* 48 (22) (217) (3) (1%) (2) (11> 36
(31) (2%) (1%)2 (2)2 (12) 12 (23) (1%) (3) (21) (2) (12)* 24
(31) (21%) (21)% (2) (12)2 144 (22) (1*) (3) (1%) (2)* (13 12
(31) (217 (21) (1 ) (2)% (12) 144 (21%)2(3) (21) (2) (1%)* 108
(31) (212) (1%)% (2 12 (21%)2(3) (13) (2)* (1% 54
(31) (14) (21)2 (2)? (12) 48 (212) (1*) (3) (21) (2)* (1%) 72
(31) (1*) (21) (1°) (2)? 16 (21%) (1%) (3) (1%) (2)3 12
(292 (3) (1%) (13 2 (192 (3) (21) (2)* 4

Subtotal 442 Total 788

(d) Combinatorial problem.

In how many ways can twenty similar volumes of which one trio, and four pairs,
are inseparable be placed in seven distinguished spans of which two will hold four,
two three and three two? The order within each span of books with different number
of volumes is material.

(e) Summation properties.

> 4P, Q) = (1) )

oo w—o)! (e—p)!’

s An(p,Q) = (—1yo-e T W
p/pﬂl"ﬂz' i lal o (p—1)! (g —p)!
2 (=17 4h(P, Q) =27,

Q
where Y denotes summation over all partitions @ of ¢ parts,
Qlo
z t3) 99 p 0f,0 parts, and
P/p
z 2 2 Q’
Q

THE BIPARTITIONAL FUNCTION Hg(P, Q)
(a) Algebraic definition:
hgihg: ... = XHg(P, Q) g(gi g --.),

where P stands for the partition (p7:p%:...), @ stands for the partition (¢} ¢%...) and
the summation X is taken over all the monomial symmetric functions represented by
the partitions @ of weight w.

(b) Relation to the enumeration of distributions in plano.
Hg(P, Q) is the number of possible ways in which we can fill the cells of a px ¢
lattice such that

Vor. CCXXXVII. A, 50
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ﬁ . .
.M .H| . . . - . . . - . . . . . - . . . B . Aw‘—Nv
H NI .H . . . - . o . . . . - . . . . . . . . AV.HNNV
.H N' . H . . . . . . . . . . . . . . . - . Awﬂmv
.M Mw| m H| . . . . . . . . . . . . . . . . . Awﬂva
.H Mw| N H - M.l . . . . . . - . - . . - - . - . AmHva
.H Mw.l H N . . ,H.l . . - - . . . . . . . . . . . Av.—”an
.M nV| mw - HV| . . .— . . . . . . . . . . 0 . . - AwNv
.M w| m H N] N] . . .H . . . . . . . . . B . . . AHNNWV
._” nV| NV N . ¢| - . . .—“ . . . . . . - . . . - . ANHNWV
._” nV| ﬁ N .HI N] ﬂ| . . . H . . . . . . . . - . - Auﬂﬂﬁv
._” ¢| Mw Mw . N| N| . . - . ‘m . . . . . B . B . . Anﬁmv &
1 ¢ 8 g - 9~ : : ¥ I : : 1- : : : : : : : : : (328)
1 ¢ L g ; — L- - : 1 g g : : 1- : : : : : : : : (18%)
1 G- 8 g G- p- - 1 g : g : : : - : : : : : : (z2%)
1 - L g g- - - : g : g 1 . : : - : : : ' : ’ (129)
1 g- 9 ¥ - 9- g- : : 1 g g : ’ : ) - : . : : : (z19)
I 9- Im ¥ 9~ - - 1 12 ¥ 9 : : - G- : : 1 : : : : (%)
I 9- I ¥ 9- e - : L g 2 1 - - : G- : : 1 : : : (ge)
1 9- 11 4 L- 01— g- 1 9 1 g g - : - - - : : 1 : : (29)
I 9- 01 ¢ ¥ - 31— ¥ : g g 9 g : - : - 3= : : : 1 : (1)
(A ST 9 01— 0z~ G- 1 gl 9 3T ¥ e- 9~ e- 9- g- 1 ¢ & & 1- (8

(1) (12) GT:3) (18 (L&)  (s188) G (@) (1:28) (1:8) (c1e%) (s19) (%8 (18%) (&p) (129 (:19) (F) (g9) (g9) (12) (8)
0
.H . . . . . - . . . . - . . . An.ﬂv
._” .m| B . . . . . . - . . . - . AmHNv
.M N| H . . . . . - - . . . . AMHNNV
H N\.. . .H . . . . . . . . . . . ﬁvaV
.H Mwi Mw . ﬁ\.. . . . . . . . . . . A._”va .H . . . . . . . . . - Aw.mv
M m — N .m . .H _ . . . . . . . . . ANHNMV .H .H - . . . . . . . . . Aﬂ._”Nv
1 §&— 1 g : ’ - ) : : : ) : o (sTR) 1 - 1 : : : : : : : © (:18)
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I % % @ : - : 1 : : : : : © (18) 1 g- ¢ : - : : : : o (:3)
1 % % 3 - g- 1- ° : 1 : : : : © (1ew) 1 € % 1 : - : : : © (138) 4
1 - ¢ € : g- g— : : 1 : : : © (19 1 e- 1 g : : - - : ’ G
1 ¢ L € g L= 1- 1 & & : - : © o (ep) 1 % % 3 : - 1 : : © o (28)
1 G- L € §- ¢- g- ¢ : g 1 : - © o (ge) 1 - F 3 - - 1- ° 1 : © (ep)
1 ¢ 9 % 1- 9- & 1 3 ¢ : : - - (19 1 % ¢ € : - - : 1 o (19)
1 9- o1 ¢ ¥%- @—-%- ¢ ¢ 9 ¢ g g g 1 (1) 1 ¢ 9 % 1- 9- ¢ 1 2 g 1- (9)
(1) (s18) (s1e3) (:18) (1:8) (138) (1) (c28) (128) (13%) (:18) (¢¥) (gg) (19) (L) (1) (12) (:1:2) (s18)  (s3) (188) (1) (:8) (&F) (19) (9)
O O

.H - . . . . . Amﬁv

T 1- o : © o (c18)

I 8- 1 o : © (1:8) | : o (1)

1 g - | S : 18 40T 1- o (gTe)

I ¢ ¢ 1 1- ° © o (ze) 1 & 1 o (:8) d | ©(eT)

1 ¢ 1 & ° - - (%) 1 % | S (18) 1 1- ° (8 4| 1 ° (=1)

1 - ¢ ¢ ¢&- & 1 (9 1 ¢ 1 @& 1- (&) 1T - 1 (& 1 1- @ dJd 1 () 4

(1) (12) (128 (18) (38) (1%) (9) G1) 13 (@) (18) (%) (1) (18) (8) (1) (@ (1

) 0O O O O
...Mm\ xY 0 SWYHL NI ° Q S &v Y 40 sA19Vv T,
ﬂ/w )4 40 WA T 40
/ ALIIOOS SNOILDVSNVYL , ALIIDOS SNOILDVSNVYL
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(i) The column totals read from left to right form the parts of the partition P in
some fixed order.

(ii) The row totals read from top to bottom form the parts of the partition @ in some
fixed order.

Example. To evaluate Hg(521, 322). .
There are seventeen patterns fulfilling the conditions of the definition, namely:

308, 83).21 33, 3/2.13/3..3/21. 3111 3 21.
3/.21 3(3.. 3[2.13/3..3/21. 3[3..3/21. 3111
212.. 2/2.. 2|/.2. 2.2, 2|.112|.11 2|2.. 2/|2..

1521 |521 521 521 521 [521 |521 521
3/12.3[2.133..3[12.3[3..3/1113[21.3(21.3]2.1
3/2.13[12.3(12.3(3..3[1113[3..3[21.3/2.1321.
202..2/2..2/1.12/1.12|11.2/11.2;1.12/11.2/11.

I521 |521 521 521 |521 (521 |521 |521 |521

(¢) Practical evaluation.

It would appear from the definition given above that the process of evaluating
Hg(P, Q) is essentially as follows: All the different partitions of (w—p,), having parts
less than or equal to ¢ are listed. The number of ways in which the parts of each of the
different partitions of (w—p,) are obtained from the parts of  are then recorded.
Proceeding further, the number of ways in which the parts of each of the different
partitions of w—p, —p, are obtained from the parts of the partitions of w—p, are re-
corded and so on till the parts of P are exhausted. The total number thus obtained is
Hg(P, @). The process is systematically carried out as follows:

Example i. To evaluate Hg(521, 322). ,

The different partitions of (8 —5), i.e. three, are (3), (21) and (1%). Now the part 3
of the partition (3) may be obtained in two ways from the parts of (3%22); the parts 2
and 1 of the partition (21) may be obtained in six ways from the partition (322), and
finally the parts 1, 1 and 1 of the partition (1%) may be obtained in one way from the
partition (322). The process is written out as

(3) 2y 1)
62) | 2 6 1

Next the different partitions of (8 —5—2), i.e. of 1, are listed. The part 1 of the partition
(1) may be taken out in one way from the partition (3), in two ways from the partition
(21) and in three ways from the partition (13), giving the results as

3) (21) (1%)
(322) 2 6 1 (0)
1) 2 12 3 17

Obviously Hg(P, Q) = 117.

50-2
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Alternatively, the process may be exhibited as

(5) (41) (32) (31%) (221)
(521) 1 2 1 1 1 (0)
@) 1 2 2 1 2 8 8
(12) — 2 1 3 3 9 9

In this process the operand and the operator are interchanged.

(d) Combinatorial problem.
In how many ways can twenty objects of the type (94322) be distributed among
twenty parcels of the type (11,522).

(€) Summation properties.

2

Ol X 'xz
in parcels of the type (17),

Hg(P @) = number of ways of distributing objects of the type (p7:p32...)

HyPQ)= 3 - Hg(P,Q),

Q/o‘evenxl'xz Q/zroddxllx '

where the summation Y is taken over all partitions of @ of ¢ parts and the summation
Qlo

Y s taken over all partitions of ) having even number of parts.
Q/o even )

It is clear from the symmetry of the table that these properties also hold for columns.

THE BIPARTITIONAL FUNCTION Gs(P, Q)
(a) Algebraic definition:
G(prpse...) =2 Gs(P, Q) strsiz ...,

where P stands for the partition (p71p3:...), @ stands for the partition (¢} ¢%...) and
the summation X is taken over all the partitions @ of weight w.

(b) Relation to the enumeration of distributions in plano.

(—1)Pr7 (a1 a0 ) (mylmy! L) Gs(P, Q) is the number of ways of arranging the
entries into rings in each of the ¢ rows of the two-way distributions, all entries in any
row being regarded as different.

The two-way distributions are such that:

(i) The column totals form the parts of the partition P.

(ii) The row totals form the parts of the partition .

(iii) Each column is represented in only one row.

(iv) No column with lower total precedes any column with higher total.
(v) No row with lower total precedes any row with higher total.
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11,522).

b

Example ii. To evaluate Hg(94322
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Example. To evaluate (—1)% (1!12!) (2!4!) Gs(2214, 422).

There are three separations of the partition (221*) with specification (422), namely:

4122 . ... 41211 . .. 411111 .
2. .11. . 2. ..2.. 2. ...2.
2| ....11 2|....11 20 ... .. 2
221111 211211 1111122

It is easy to see that the first separation will generate six two-way distributions of its
kind by assigning the four units in the two rows in six ways; the second separation will

A A

SOCIETY

OF
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generate twenty-four distributions of its kind by assigning the four units in six ways,
the two twos in two ways and interchanging the two rows in two ways; the third
separation will generate two distributions of its kind by assigning the two twos in
two ways. There is only one way of arranging the entries into rings in each of the three
rows of the first separation; there are two ways of arranging the entries into rings in
the first row and one way each in the other two rows of each of the twenty-four dis-
tributions of the second separation; and there are six ways of arranging the entries
into rings in the first row and one way each in the other two rows of each of the two
distributions of the third separation. Hence we have
(—1)9 (112!) (2!4!) G5(2214,422) — 6 X 1 +24 X 2+2X 6
— 66.

It is important to notice that (—1)7%7 (x,!x,!...) (m!m,!...) Gs(P, Q) is the number
of ways of arranging the entries into rings in each of the ¢ rows of the two-way dis-
tributions of Sg(P, @), all entries in any row being distinguished.

(¢) Practical evaluation.

All the separations of P whose specification is @ are listed. If in a separation, any
separate is made up of v parts of P, then each separation is scored with the product
(v;—1)! (v,—1)!... with the numbers of permutations of equal parts p” among the
separates of P, equal separates (i.e. separates with similar partitions) being undis-
tinguished. The sum of these scores for all separations gives (—1)°*om ! m,! ... Gs(P, Q).

Example. 'To evaluate (—1)(4!) (3!) (2!) Gs(4322314,9423).

The partition (432231%) has eighteen separations with specification (9423). The
score of each separation is written beside it.

Subtotal 4656

(3221) (4) (22) (1%) 144 (432) (2%) (1%) (3) 72
(432) (31) (2%) (19) 96 (432) (212)2 (3) 288
(233 (31 (4) (1) 96 (4312) (22) (212) (3) 432
(432) (31) (212) (21) 576 (4221) (31) (21%) (3) 864
(4312) (31) (22) (21) 432 (421%) (31) (22) (3) 576
(4221) (31)2 (21) 432 (32%) (4) (14) (3) 72
(32212) (4) (31) (21) 1728 (32212) (4) (212) (3) 1728
(3213) (4) (22) (21) 288 (321%) (4) (22) (3) 720
(3221) (4) (212) (21) 864 (221%) (31) (4) (3) 960
Subtotal 4656 Total 10368
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(d) Combinatorial problem.

It is proposed that twenty persons belonging to ten different parties of four, three,
three, two, two, two, one, one, one, one, should seat themselves around four tables
for nine, four, four and three respectively. In how many ways can they do it if it is
laid down that

() Members of the same party must occupy adjacent seats at the same table, without
regard to order within the party.

(f) The order among the different parties is material.

() Summation properties.

> mlmy!... Gs(P, Q) = coeflicient of 4” in x'*’
Qlo

= ap—o‘?

where 3 denotes summation over partitions of ¢ of o parts
Q/o

P =x(x—1) (x—2) ... (x—p+1),
and a;, a,, a,,...denote the elementary symmetric functions of the first p—1
natural numbers.

THE BIPARTITIONAL FUNCTION Ga(P, )
(a) Algebraic definition:
G(p7pge...) =2 Ga(P, Q) asas ...,

where P stands for the partition (p7:p3:...), @ stands for the partition (¢¥¢¥...) and
the summation 2 is taken over all partitions ) of weight w.

(b) Relation to the enumeration of distributions in plano.

Fill in the cells of a p x ¢ lattice in all different ways such that

(i) 'The column totals form the parts of the partition P.

(ii) The row totals form the parts of the partition Q.

(iii) A path along the lines of the lattice, starting horizontally from the top left-
hand node and ending vertically with the bottom right-hand node divides the lattice

into two parts. The cells of the lower portion are all occupied, those of the upper empty.
4

More clearly, if, |—I AB is any path starting horizontally from A4 and
ol —

ending vertically at B, and we agree to call AB a solid path if every cell in the diagram
bounded by the path 4B, the vertical AC through 4 and the horizontal line BC through
B is occupied, then condition (iii) is simply stated in an alternative form as follows:
It is possible to draw one solid path along the lines of the lattice, starting horizontally


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

399

P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS

8z~ 01 &Il  03F— OZII— O0gF— COT 0891 OTIT 08%e #FET OCIT— 0966~ 0981— GEOF— 09€6— 09CT 889G ov0g—  (el)
1 sI—  9- op 001  0¢ gI- O0Ig— 0gI— O0LZ— O0gI— 09T 0ZF 08T  %0¢  09¢ O8I~ #8E— ozt (e18)
’ 9-— 8- - € rag 41 0g 8 8c— 99— €¢— gL— 98— 08 $9 0g1—  (1:28)
1 : 01— ¢- : <1 03 0¢ 0% 0g~ OL— ¢I— 09— 09— OF $9 0el— (1€)
: 1 : : - 9- : - : 9 9 6 4 4 9- gl ¥3 (c1¢3)
: : 1 : : g~ g- e- 1- G gl e 6 9 9- PL- ¥ (c13¢8)
: : : 1 : : : 9- i : 8 3 gl 4 9- 8- g ¥3 (T%)
. . . . . . : ! . : o— ¢ ¢ ¢ ¢ S oo (2
: : : : 1 : : : - - - - : 1 ¥ ¥ b4 9-  (1z2¢)
: : : : : : 1 . : - - : - g i 1 ¥ 9- (z128)
: : : : : : 1 : : - - z- - z 4 g ¥ 9-  (cdIeh) d
: : : : : : : : 1 . : - €- : g 9 9 9- (c19)
. . . . . . . ! 1 . ‘ : . oo - g z (z:6)
. . . . . . . . . . ! 1 . . . - i- ! - z (tep)
. . . . . . . . . . . B - - 1 . . - . _ . z ANN“vv
. . . ) . . . . . . ! - : (120)
. . . . . . . . . . . : I . ! z (19)
. . . . . . . . . . . . . I . < (5
. . . . . . . . . . . : . - (66)
. . . . . . . . . . . . . . - (29)
. . . . . . . . . . . . I- (1)
. . . . . . . . . . . . I )
(618 (L@ (18  Gl) (128) G1H) (2) (e (18 (I1gh) (19) (&) (1ep) (:&9) ze)  (19)  G¥) (g9) (8)
0
12— ST 0L €0I- 0gb— O0Ig— O0I¢ 083 0€9 F0¢ 0%~ $0S— 0F8— 0L (1)
1 or—- ¢- ¢1 0¢ 03 ¢&— O0F—- 06— 09- OL ¥8 03l 01— (18)
: 1 : ¢~ 9- 1I- 8 9 T 9 FI- S8I- 81— #8  (cI:@)
: : 1 : 9- ¥- ¢ 8 ZI 1 ¥1- gI—- ¥&- %%  (+18)
’ : : 1 : : g- ¢e- 3 9 g 9-  (1:@) I ¢I- ¢ 0F ¢SI— 03— 06— 021~ (o1)
) ) : ) 1 ) - % &- 1I- ¥ g ¥ 9—  (:128) | 9- F- ¢ 0z - @l ¥e— ¥ (+12)
: : : ’ : 1 : ) ¢- € B 9 9 9-  (c19) o 1 - % 1I- 9~ (¢1:3)
: : : : : : 1 ' : : - g z (ee) d |~ ) ’ ¢-  g- 9—  (s18)
- . - . . . . ﬂ . . 7 — . MI. N AHNMV . . . ,H . . N Ava
) ’ : : : : : : 1 : 1- 1- 1I- z (18%) o : : 1 : g (128) 4
: ) ’ : : : ’ ) : 1 : I- % & (z18) o : : : 1 g (1%)
. . . . . . . . . . .m . . Hl Amﬂv . . . . . . .Hl Ammv
. . . . . . . . . . 1 . - Ammv . . . . . . - Awwv
. . . . . . . . . . . . 1 1- :_wv . - - . . . - :mv
. - . B . . - B . - . . . .H Abv . . . . . . .H A©v
(1) (18) 12)  GI8) (1) (1eg) (19) (ge) (L&) (1e%) (18) (&%) (ge) (19) (&) (1) 618) (e128) (c18) () (138) (1) (9)
0 0
01— ¢ 08 06— 08— ¥& (1)
1 ¢~ ¢ ¢ 9 9- (c13)
: 1 : - 1- % (1) 1 9- ¢ 8 9- (D
: : 1 1I- - & GIevd | - 1 1- &- ¢ (1) ,
: : : 1 : 1- (38 : ' 1 : 1- (@) 4 | 1 ¢- ¢ (1)
: : : : 1 - (1%) : : : 1 - (19) : 1 1- (18) 4 I -
’ : : : : 1 (¢) : : : : 1 (%) : : 1 (g) : I d
(1) (12) (18 (18) (&) (1%) (9 G G18) @) (18) (&) (1) (120 (8) 1) (@)
O 0 0 0
- Deils 30 swamL NI (S0 k)9 it (O ‘g)sH T ife i 40 saTav ],
X7 40 X 7 40
vV ALIIO0OS gyonyvsnvaL /mq\ ALIIOOS gyovsnvaL
v TVAOY 1H L 1vDIHdOSOTIHd v TVAOY dH.L 1vDIHJOSOTIHd

A.

Vor. CCXXXVII


http://rsta.royalsocietypublishing.org/

|
P

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

fa \

/,
/

S

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

400 P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS

from the top left-hand node and ending vertically with the bottom right-hand node.
A rectangle of occupied cells bounded on two sides by such a path may be thought
of as a “step”

If any step of the path of a lattice is made up of ¢ columns and r rows, and the weight
of the step is v, then each lattice is scored with the product of

{0, % (e, — 1)1 (1, — 1) Do, % (e— 1)U (ry— 1)1} ..,

similar rows and columns in any step, which belong to similar compositions of the
parts of @) and P, being undistinguished. A positive sign is attached to the score of any
lattice if the sum of the number of entries and their total weight is even; a negative
sign is attached if it is odd. The sum of these scores for all lattices or patterns is the
number sought Ga(P, Q).

Example i. To evaluate Ga(62,42?).

There are three different patterns with their respective scores written below them.

211l o2l 22|
6 312} 61114 6 222{
422 224 422
—4 —4 +4  Ga(62, 42%) = —4.
Note: 2 11| 2 /11|
6 312| 6 132|
422 4

these two are not regarded as different patterns, since the parts of P and ) are made
up in similar way in either lattice and have the same interrelations.

Example 11. 'To evaluate Ga(422,422):

212 . . 4122 . 2012 .. 211
413. 211 . 4 112 4211
41112 4 112 40112 41121
442 442 424 442
+12 —6 —6 +2  Ga(422, 422)= 4 2

Note: The score of the fourth pattern is two and not four, because of the symmetry
in the pattern.

Example iii. To evaluate Ga(43?,432):

31111 3121 .
30111 31111
4,211 4112

433 433

-10 +9  Ga(432, 432) = —
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To evaluate Ga(8543,74%2312):
There are fifty-eight different patterns with their respective scores written below

them.

P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS
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Total = 690 — 659 = - 31.

= 31.

Hence Ga(8543,742312)

v
/4\

(¢) Practical evaluation.

g LB

o =7 ¢

ma.N

ES o

ES o

S 2

j<Tol Q

SRS 23 28 288

s RS

< o _

o =

[

Q)w

dR,M .

MD/M\M.. oo aw 0o
=B

PG.M wm%wm <

Ge o

2 a2 ° 3

2.8 8

a.mS

5E g

pah

o =

MR e~ D

925 £ LON-NTS

ST 88 o i E2X

g = 8~ P 5 EmOm

Z o N T O S T

o g8 % ccee e

<= 83 == ==

e.MaS

=3 Ex

o 0%

o ET 8 5

WMﬂm %o m @«

O

~ %983 8

Qmav P

L E S °

SRR 2 T B

GD“Nt.. )(( ~—

) e @2 M~ o~ MO/

tsmm MMO_.. % ~H

S 55 S T

—_— .

SEE S

ec.,mQ

= -

O.IUP

H 3

em/a\

RS

ALIIDOS o\ o11ovsnval

TVAOY dH.L 1vDIHIOSOT1IHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

A A

A

THE ROYAL A
SOCIETY

OF

PHILOSOPHICAL
TRANSACTIONS

%

A B

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

P. V. SUKHATME ON BIPARTITIONAL FUNCTIONS 403
Gs(8543, R) Sa(R, 74?312)

(42312) (7 546 546
(85) (43) 1 (7412))(23)) T ooms 273
4
u o e orm o
(84) <53)} 741) (431) T 384 1152
(423) (712) + 99 99
(83) (54) 1 (731) (421) + 198 198
| 74) (4312) + 297 207
(71) (43) (41) + 280 — 280
(8) (43) (5) —1 ) (312 + 140 — 140
(431) (7) (41) + 560 — 560
(T1) (431) (4 1024 —1024
®) () () -1 71) (45 131, 1'% o
1) (71) (3 216 — 216
(54) (8) 3) 1 (712> (42)> (3)) T Yos — 108
(74) 41) 31) + 220 — 220
(83) (5) (4) —1 (731) + 440 — 440
1(74) (312 (4) + 220 — 220
84) (5) 3) —1 (741) (41) (3) + 360 — 360
85) (4) 3) —1 (7412) (4) (3) + 468 — 468
(8) (5) (4) (3) +1 (T1) (41) (4) (3) + 480 480
Total + 31

Incidentally, since Si(R, Q) = (—1)w+number of parts in RG5(R ()), we obtain the
value of G(8543, 74?31%) by simply making the necessary changes in sign in the
entries of the last but one column and therefore in the last column of the table
above. In this case it will be 15815. This is a great advantage of this method that
we obtain the values of both Ga(P, Q) and GA(P, ) with the same amount of work.

(d) Summation properties.

+o— — ! : ’
Q%Ga(P,Q)Z(”‘l)w” lzzﬂixyr(lp!%!?..a!(ﬁf—-lf)!’
— +o-1 | w!
2 & G Q) = (= e Ty = )T
!
3 Ga(P, Q) = (=10 T

> Ga(P, Q) = (—1)w-o Tt

b
7 xlao!. ..

where > denotes summation over all partitions of @ of ¢ parts; 3 denotes summation
Qlo Plp
over partitions of P of p parts; 3 denotes summation over all the partitions @ and 3
Q

denotes summation over all the partitions P.
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1 ¢e-1-¢ 1 ¢- (1% 1 - 1- % (19 1 o¢e-(edg |- 1 GDJ
1 ¢-¢ ¢ ¢g-¢-¢ (9 1 %9-2 % %- (%) 1 ¢-¢ (9 13- (@ 1 D4
(sT) (s12)(122) (:18) (38) (1%) (2) G1) (:13) (2) (18) (%) (e1) (12) (8) | GD (@) (1)
0 O o V] o}
o Up'ip 20 swaaL Nt (54 2d)9 (B ‘g)vo 20 sa1av],
ﬂ T 40 WA T 40
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THE BIPARTITIONAL FUNCTION Gh(P, Q)
(a) Algebraic definition:
G(p1 % ...) = X Gh(P, Q) ki hize. ..,

where P stands for the partition (p7 p32...), @ stands for the partition (¢j1¢%...) and
the summation X'is taken over all partitions @ of weight w.

A A

(b) Relation to the enumeration of distributions in plano.
Fill in the cells of a p x ¢ lattice in all different ways such that

(i) The column totals form the parts of the partition P.

(ii) The row totals form the parts of the partition Q.

(iii) A path along the lines of the lattice, starting horizontally from the top left-
hand node and ending vertically with the bottom right-hand node, divides the lattice
into two parts, the upper one of which is empty and the lower one is such that the path
is composed of one or more independent solid paths in the sense previously defined.

Every solid path of a lattice is scored with a number calculated in exactly the same
way as with Ga(P’, Q"). If the number of entries under the solid path are even, the
score is given a negative sign; if odd, it is given a positive sign. The lattice is then scored
with the product of these algebraic numbers, multiplied by the number of permutations
of solid paths in the lattice, similar paths being undistinguished. The sum of these"
scores for all lattices gives the number sought, Gi(P, Q).

Example. 'To evaluate Gh(7232, 43221%).
There are fifty-two different patterns with their respective scores written below them.

OF

1 3
1r11. ... .. 3
2221 ... .. 7

. 7

quww

>
>
IS
Lo
X o
[\S)
—
[a—
'y
'S
+Hk
o
QI\S
[
[
[a—
'S
'S
[N
Do
—
Ny
[a—
o
o
>
>
[\
ja—
—
fo—)
'
[\
[a—

+126 + 84

ERUEN JVURVL)
bt DD b
—
w
— DO =
[
w
— DD =
[
S|
DO =t
[
—

—420 —-210 —420 +30

.......

.....

NW\]\IW
1
]
[a—

IOO\'I\]OD

...... 111 8[.. ... 1113|......111
444221111 |444221111 |444221111 (444221111
—6 +24 +6 —72

OF
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312 .. 37111 . 3021. ... 3/21 .
712131 Coo7l2221. . 3la1. .. 3121 .. ..
701111111 .. 7/1111111. . 7 331 . . 7. . 421 . .
3 L2108 c21 7t 1idl 7|4
444211121 144211121 424421111 124214
—72 +6 442 +1764
71232 . 712221 . 712131 712238 ...
712122 71222971 . 72311 . .. 7122111 . .
3 TTa1 s 21 ... 8. .. . 21...3 .2
IR I I R R I
444221111 144221111 444221111 444112
— 252 +126 +756 —189
71283101 . . ... 321 .. . . ... 83021, ......3121.....
7211111 ... 7/211111 ... 7/211111. .. 7/211111 ..
3 A S 12. 3 ... 111 3 R
3l L1017l i3227 18317 ... .1
142211411 421111442 | 421111442 |421111¢4
+126 36 +60 +108
3121 . . 3021 . . 3121 3021 . ...
71211111, .. 7/21211 71919211 712311 . ..
3 12 . 3 3 3 217 42
I T I S A T F R I D
421111244 |422114411 422114411 441142
72 1432 —79 +756
3121 . 3121 . .. 3121, 3121 . .
712311 712311 S mla2s39. 71232 . .
3| .. 111 3 3. 3 21 .S R
7. 08310101 7). 12211 7 4 7. 121011
441142211 41142211 442214111 142421
18 +162 +1756 +216
3021.......3]21. 3021 3021 . .
71232 . . q7l214. .. 71214 71214, . .
s T111 .08 C21 .. 3 3.3 111 .
700 42107 L. 41117 C120110 7| L
142111421 424214111 424421111 424111
+504 +1512 432 +1008
303 ... 308 .. 313 . 303 . ...
3112, . AR S R R R T T SR
71, 331 70,4111 .. .7 331, .. 7. . 421,
700111 107 oL 4210701012117 ...
424421111 424111421 411442211 411421
_84 — 3528 —168 1764
303 . 303 ... ... 313... 313 .. ..
71121111 ... 7/121111 ... 7/12211 ...  7/1411.... "
3. 111 3. .....8..3/.....3...3 C21 .
7. IB3107 | ... ... 1427|1411 7.,
£21111442 421111442 422114411 441121
—360 — 648 —972 — 4536
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313 ... ... 3. ... 313 . ... ... 3|j1r11... ...
711411 . .. .. 142 .. .. .. 71142 .. .. .. 71331 ... ...
3. ...111 o120 3 .. 111 .. 3)...12 . ...
7 31111 ..... 4111 7). ..... 421 7). .... 4111
441142211 442124111 442111421 442124111
—108 — 2268 —1512 —1260
3|111.. .. .. 313...... 71331. ... .. 71313 ... ...
71331.. .. .. 1312. .. .. 711114, . ... 7113111..
3;...111. .. ce. o210 00 3. .21 .. 3. .. 21 ..
T 421 3)...... Irir 3 ...... Ir1r 3)....... 21
442111421 444221111 442421111 444112121
—840 —252 —504 —189
Therefore Gh(723%,432214) = 9138 — 20842

= —11704.

(¢) Practical evaluation for larger partitions.

To evaluate GA(P, Q) we write down the separations of P and @ having common
specifications R. Next, corresponding to the partitions R, Gs(7232, R) and Sh(R, 43221%)
are evaluated after the manner illustrated before. The sum of the products of the two
gives Gh(P, Q). Thus: to evaluate Gh(7232, 432214):

(7232)
(723) (3)

(1) (3%)

(13 (7)
(73)?

(7)2 (39)
(13) (7) (3)

(7 (3)

Gs(7232, R)

-3
2
1

f—

i

-1

(d) Summation propertie&

Z Gh(P, Q) =

> Z Gh(P, Q) =

P/pQlo

(432214)
(43213) (21)
{lasan) (15

(42214) (42)
(422212) (412)
(4312) (2212)
(432)" (214)

((42213 (421)

(42221) 413

[ (431) (2213)
(422) (421%)

{ (4212) (42212)

{421 )2 (412)
421 (413) (42)

f(4212) (421) (21)
(422)" (421)

1(422) 413) (21
(4312) (21)2

{ 432) (21) (13)

1! w!

Sh(R, 43221%)

+ 2800

—1020
— 170

—1260
—1260
— 252
— 84

— 1820
— 546
— 182

—1000
—1800

+1176
+1176

+ 630
+ 140
+ 210

+ 252
+ 84

(=1)er (p!;zz..

(=1)P{emtC,y %

.{pxo’(w 7)!

i=1

2 X

— 4200

1020
170

315
315
63
21

1820
546
182

— 500
— 900

— 294
— 294

— 630
— 140
— 210

- 63
- 21

Total —11704

|

[

I

|

(w—py)! }
ol(w—p;—a)!)’

(—1)70C,+272C, % (—1)7+1%C,, +..},
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we W
where C,= w—a)1"
where Y and > denote summations over all partitions of  and of P of ¢ and p parts
Qlo Plp
respectively.

I would like to express my thanks to Professor R. A. Fisher, to whom I owe the
suggestion that a more systematic study might be possible of the bipartitional functions
associated with the theory of symmetric functions than has hitherto been done. I am
indebted to him for suggesting to me the methods and notation used in this study, for
the application of his methods (mostly unpublished) in the case of several partitional
functions, and for the very valuable guidance he has given me throughout in the pre-
paration of this paper.

SuMMARY

The transformation formulae of symmetric functions involve arithmetical functions,
each of which depends from two partitions of the same partible number. Of these
bipartitional functions twelve may be recognized as fundamental. Some of these have
been previously studied individually, and in the present paper an attempt is made to
set out systematically their mutual relationships and, with respect to each, their con-
nexions with distributions iz plano and with the combinatorial problems of which they
afford solutions. Particular attention is given to the practical evaluation of these
functions for the partitions of numbers up to about twenty, with a view to their use in
the simplification of heavy algebraic transformations.
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